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Abstract 

. An algebraic description of basic physical fields (neutrino field, electron-positron field 

and electromagnetic field) is studied. It is shown that the electromagnetic field can be 
described within a quotient representation of the proper orthochronous Lorentz group. 
The relation of such a description with Majorana-Oppenheimer quantum electrodynamics 
and de Broglie- Jordan neutrino theory of light is discussed. 



o 

| Many years ago Bogoliubov and Shirkov [[[[ pointed out that among all physical fields the elec- 

tromagnetic field (beyond all shadow of doubt the main physical field) is quantized with the 
most difficulty. In the standard Gupta-Bleuler approach an unobservable magnitude (electro- 
magnetic four-potential A) is quantized. At this point, the four-potential has four degrees 
of freedom, but in nature there are only two degrees of freedom for a photon field (left and 
right handed polarizations). Besides, the electromagnetic four-potential is transformed within 
(1/2, 1/2) -represent aion of the homogeneous Lorentz group and, therefore, in accordance with 
a well-known Weinberg Theorem |35| the field described by A has a null helicity, that also 



contradicts with experience. Moreover, at the present time electromagnetic field is understood 
as a 'gauge field' that gives rise to a peculiar opposition with other physical fields called by this 
reason as 'matter fields'. 

With the aim of overcoming this unnatural opposition all the physical fields should be 
considered on an equal footing. In this paper we present an algebraic construction of the most 
fundamental physical fields such as neutrino field, electron-positron field and electromagnetic 
field. Our consideration based mainly on the relation between Clifford algebras and Lorentz 
group (all mathematical background contained in |3C], [U[ ^2[ |33], |34fl). In all the Clifford 



algebras are understood as 'algebraic coverings' of finite-dimensional representations of the 
proper Lorentz group In ]34| it has been shown that there is a following classification: 

I. Complex representations. 

1) Representations d 1 ^- 1 * <-> C n with the field (j, 0), where j = lo+l ^" 1 . 

2) Representations <£%- i i+ 1 C n with the field (0, j'), where j' = . 



3) Renresentations tijo+h-hl'o-li+i „ f a C„ with the field (i. i'). 



4) Representations t lo+h ~ lfi © &M>-h+i <-> C„ © C n with the field (j, 0) © (0, j), j = /. 

5) Quotient representations x£*>+ii-i,o y x&Jo-h+i <_> ^£ n y ^ w j t h the field (j, 0) U (0, j). 
II. Real representations. 

6) Real representations £Hq 2 <-> C3? P) g, p — g = 0, 2 (mod 8), with the field [j], where j = ^, 

/ _ p+g 

7) Quaternionic representations fi£ 6 «-> G?p, g , p — g = 4, 6 (mod 8), with the field [j]. 

8) Quotient representations x D l ° U x £> /o «-> e Cl p , q U e C^ i9 with the field [j] U [j], where x £> /o = 

Here the numbers Iq and /i define the finite-dimensional representation in the Gel'fand-Naimark 
representation theory of the Lorentz group |i~0| , |TJ] . In its turn, quotient representations cor- 
respond to the type n = 1 (mod 2) of C n (or to the types p — q = 1,5 (mod 8) for the real 
representations). Over the field F = C these representations obtained in the result of the 
following decomposition 




c 2fc u c 2fc 



Here central idempotents 



^+ _ 1 + £eie 2 • • • e 2 fc+i ^_ 



1 - e:eie 2 • • • e 2fc+1 



where 

1, ifjfe = (mod 2), 
i, if k = 1 (mod 2) 

satisfy the relations (A + ) 2 = A + , (A - ) 2 = A~, A + A~ = 0. Thus, we have a decomposition of 
the initial algebra C 2 fc+i into a direct sum of two mutually annihilating simple ideals: C 2 fc + i ~ 
|(1 + ea;)C 2 fc + i © |(1 — eu;)C 2 fc+i. Each of the ideals A ± C 2 fc+i is isomorphic to the subalgebra 
( C 2 fc C C 2 fc + i. In accordance with Chisholm and Farwell Q the idempotents A + and A~ can 
be identified with helicity projection operators which distinguish left and right handed spinors. 
The Chisholm-Farwell notation for A 1 * 1 we will widely use below. 

The first simplest case of such a decomposition is presented by the algebra C 3 related with 
the neutrino field. Indeed, 




here central idempotents 



«eie 2 e 3 



1 + ieie 2 e 3 



(1) 



2 ' T 2 

in accordance with [f|] can be identified with helicity projection operators. In such a way, we 

have two helicity states describing by the quotient algebras e C 2 and e C 2 , and a full neutrino- 

* * 

antineutrino algebra is e C 2 U e C 2 (cf. electron-positron algebra C 2 © C 2 ). 

Let (p G C3 be an algebraic spinor of the form (sometimes called operator spinor, see M) 



1 2 3 12 n 2S 12*} 

V? = a + a ei + a e 2 + a e 3 + a eie 2 + a °eie 3 + a °e 2 e 3 + a °eie 2 e 3 . 

Then it is easy to verify that spinors 

1 



1 + zeie 2 e 3 )vj, (p = \_<p = -(1 - ie^e^p 



(2) 



(3) 



are mutually orthogonal, ip + ^p = 0, since A + A_ = 0, and also (p + G C 2 , (p G C 2 . Further, it 
is obvious that a spinspace of the algebra e C 2 U e C 2 is S 2 U S 2 . It should be noted here that 



structures of the spinspaces S 2 U S 2 and § 2 © S 2 are different. Indeed, 
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Under action of the pseudoautomorphism A 
E>2 U E>2 take a form 
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(charge conjugation C, see f34|) spinspace 



§ 2 U § 2 





"66, 


00 




oi. 


01 


( 


16, 


10" 




ii- 


11 



Since spinor representations of the quotient algebras e C.2 and e C2 are defined in terms of Pauli 

matrices <jj, then the algebraic spinors tp + G e C 2 and G e C 2 correspond to spinors C, ai G §2 
and £ Qi G § 2 (i = 0, 1). Hence we have Weyl equations 



d 

dx° 



d_ 
dx 



0. 



d d 
dx° <9x 



C = 0. 



(4) 



Therefore, two-component Weyl theory can be naturally formulated within quotient represen- 
tation x €^° U x £°' _1 of the group & + . Further, in virtue of an isomorphism C2 — G^n — C£f 3 
(G?i )3 is the space-time algebra) the spinor field of the quotient representation X C° ,_1 ( x Cc'°) 
can be expressed via the Dirac-Hestenes spinor field <p(x) G C? 3>0 JTI2], [13], [T^j . Indeed, the 
Dirac-Hestenes spinor is represented by a following biquaternion number 



01 02 OS 12 IS 2S 01 2S 

a +a 7071 + a 7072 + a 7 7 3 + a 7172 + a 7173 + a 7 2 7 3 + a 7o7i7273, 



(5) 



or using 7-matrix basis 



we can write (W) in the matrix form 



/ 01 -02 03 04 \ 



where 



la 



12 



a 13 -ta 2 \ 



y 4 
-03 
-02 

0i y 



(7) 



a 03 -m 0123 , 



a 01 + ia 02 . 



From (0)-( 
the spinor 



and (|5|) it is easy to see that spinors ip + and <p are algebraically equivalent to 
6C 2 ~ C£ 30 . Further, since <p G C£^ 3 , then actions of the antiautomorphisms 

A — *■ A and A — > A* on the field are equivalent. On the other hand, in accordance with 
Feynman-Stueckelberg interpretation, time reversal for the chiral field is equivalent to charge 
conjugation (particles reversed in time are antiparticles). Thus, for the field G x €°' _1 we have 
C ~ T and, therefore, this field is CP-invariant. 

The spinor (|5|) (or (|7|)) satisfies the Dirac-Hestenes equation 



50727i 



mc 



o. 



(8) 



where d = 7 M gfjr is the Dirac operator. Let us show that a massless Dirac-Hestenes equation 



50727i = 



(9) 



describes the neutrino field. Indeed, the matrix 7o7i7273 commutes with all the elements of 
the biquaternion (|5]) and, therefore, 70717273 is equivalent to the volume element to = eie 2 e 3 
of the biquaternion algebra CE^q. In such a way, we see that idempotents 



1 + 75 



75 



cover the central idempotents (|lj), where 75 = — 270717273- Further, from (|j) we obtain 











dx^ 

that is, there are two separated equations for 

„ d 



^±7 m t— 0727i = l^PmP^r-, 707271 = 



r 



dx^ 



dx^ 
= 0, 



727i : 



where 



-(1 ± 75)07271 



Therefore, each of the functions 
the split form we have 



/ 01 =F 03 
02 =F 04 
=F01 + 02 



02 ±01 
-01+03 
+02 - 04 



03 + 01 

04 + 02 
+03 + 01 



-01 + 0A 

03 ±01 
±01 + # 



(10) 



V+02 + 04 ±01 + 03 +04 + 02 +03 ~ 01 / 

and contains only four independent components and in 



where 



2 \<h-<t>Aj ' ^ 2 V— 01 — 03/ 2V04-02/' r " 2V03 + 



'1 



2V02 + 04;' ru 2V-01 + 03/' 2V04 + 2 ;' ^° 2 

Thus, in the 7-matrix basis we obtain from ( |T0D 

a— Ui = 0, U^ + o-— U l+4 = 0, (i= 1,2,3,4) 



y 3 V 7 ! 



cte <9x / ' \<9x <9x 

These equations are equivalent to Weyl equations for neutrino field and, therefore, by 
analogy with the Dirac-Hestenes equations for m 7^ should be called Weyl-Hestenes equations 
for neutrino field. 

* 

The Dirac electron-positron field (1/2, 0) © (0, 1/2) corresponds to the algebra C2 © C2. It 

should be noted that the Dirac algebra C 4 considered as a tensor product C 2 © C 2 (or C 2 © C 2 ) 
gives rise to spintensors £ aia2 (or £ aictl ), but it contradicts with the usual definition of the Dirac 
bispinor as a pair (£ ai ,£ Ql ). Therefore, the Clifford algebra associated with the Dirac field is 

C 2 © C 2 , and a spinspace of this sum in virtue of unique decomposition § 2 © S 2 = § 4 (§4 is a 
spinspace of C4) allows to define 7-matrices in the Weyl basis. 

In common with other massless fields (such as the neutrino field (1/2,0) U (0,1/2)) the 
Maxwell electromagnetic field is also described within the quotient representations of the 
Lorentz group. In accordance with Theorem 4 in |34j] the photon field can be described by 
a quotient representation of the class X <£%®U X £%~ 2 . This representation admits time reversal T 
and an identical charge conjugation C ~ I that corresponds to truly neutral particles (see The- 

orem 3 in pifl ). The quotient algebra e C 4 U e C 4 associated with the Maxwell field (1, 0) U (0, 1) 
is obtained in the result of an homomorphic mapping e : C 5 — > C 4 . Indeed, for the algebra C 5 
we have a decomposition 




where the central idempotents 

1 + e 1 e 2 e 3 e 4 e5 1 - eie 2 e 3 e 4 e 5 
A+ " 2 ' A -" 2 

correspond to the helicity projection operators of the Maxwell field. As known, for the photon 
there are two helicity states: left and right handed polarizations. 
Let if G C5 be an algebraic spinor of the form 

555 5 
ip = a + ^ aifi i + ^2 aije i e J + ^2 " i ''' v -' i \i v ^ + ^2 aljMe i e j e kGi + a 12345 eie 2 e 3 e 4 e 5 , 

i=l i , jr = 1 i,j,k=l i,j,k,l=l 

then the spinors 



§ 4 U§4 



are mutually orthogonal, ip + ip = 0, and tp + G C 4 , <p G C 4 . The spinspace of the algebra 
e C 4 U e C4 has a form 

f [oooo, 6666] [oooi, 6661] [0010, 66i6] [0011, 6611]^ 
[0100, 6166] [0101, 6161] [0110, oiio] [0111,6m] 
[1000, 1666] [1001, 1661] [1010, 1616] [1011, ioii] 
^[1100,1166] [1101,1161] [1110, iiio] [1111, iiii] y 

Let us consider now an explicit construction of the Maxwell field (1, 0) U (0, 1) within the 

quotient algebra e C4 U e Ci. First of all, let us define a spinor representation of the field (1, 0) U 
(0, 1). As a rule, a spinor field of the quotient algebra e C4 ~ Ci^\ is appearred at the extraction 
of the minimal left ideal [3, U, ^6p: 



h,i = <Xi,ie 4 i ~ df 3 e 13 -(l + 27172) 



M o o o\ 

ip 2 o 

^ 3 

\V>4 0/ 



11) 



where ei 3 |(l + 70) and e^i = |(1 + 7o)|(l + 27172) are primitive idempotents of the algebras 



? i ;3 and C 4 . Further, since Ct[ 



Ci 



3,0 



C2, then the spinor field ip in (|TTD can be expressed 



via the Dirac-Hestenes spinor field G C£ 3j0 ~ C 2 . Let 

V = <9°e + d x e x + d 2 e 2 + <9 3 e 3 , A = A°e + A 1 e 1 + A 2 e 2 + A 3 e 3 

be linear elements of the algebra C£ 3 ^, where Ai are the components of the electromagnetic 
four-potential. Then 

VA = («9°e + d l e x + d 2 e 2 + <9 3 e 3 )(A°e + A 1 e 1 + A 2 e 2 + A 3 e 3 ) = 

( d°A° + d'A 1 + d 2 A 2 + d 3 A 3 ) e + (d°A l + d 1 A°) e e 1 + 

E° E 1 

( d°A 2 + d 2 A°) e e 2 + ( d°A 3 + d 3 A°) e e 3 + ( d 2 A 3 - d 3 A 2 ) e 2 e 3 + 



E 2 



£3 



H 1 



( d'A 1 - d 1 A d ) e 3 e 1 + ( d 1 A 2 - 9M 1 j e 1 e 2 . (12) 



H 2 



H 1 



The scalar part Eq = 0, since the first bracket in ([12] ) is a Lorentz condition <9°A° + divA = 0. 
It is easy to see that other brackets are components of electric and magnetic fields: — E l = 
-(<9<A° + d°A*), E i = (curlA)\ 

Since uj = e 12 3 belongs to a center of C£ 3t0 , then 

cuei = e-iu = e 2 e 3 , toe 2 = e 2 u = e 3 e x , toe 3 = e 3 to = eie 2 . 



In accordance with these relations we can write ([12]) as follows 

VA = (E 1 + uH^e, + (E 2 + uH 2 )eo + (E 3 + ioH 3 )e, 



(13) 



Further, let us compose the product VF, where F is an expression of the type 



VF = divEe - ((curlH) 1 - d°E 1 )e 1 - ((curlH) 2 - d°E 2 )e 2 - 

- ((curlH) 3 - d°E 3 )e 3 + ((curlE) 1 + d°H 1 )e 2 e 3 + ((curlE) 2 + d°H 2 )e 3 e 1 + 

((curlE) 3 + d°H 3 )exe 2 + divllexe 2 e 3 . (14) 

It is easy to see that the first coefficient of the product VF is a left part of the equation 
divE = q. The following three coefficients compose a left part of the equation curlH — <9°E = j, 
other coefficients compose the equations curlE + <9°H = and divH = 0, respectively. 

Further, since the element 75 = 70717273 commutes with all other elements of the biquater- 
nion and 7! = —1, then we can rewrite (||) as follows 

= (a + 7oi2 3 a° 123 ) + (a 01 + 7oi 23 a 23 )7oi + (a 02 + 7oi2 3 a 31 )7o2 + (a 03 + 7oi 23 a 12 )7o 3 
or taking into account ([13]) we obtain 

<P={E 1 + iH l ) lm + (E 2 + iH 2 ) lm + (E 3 + iH 3 ) lm = F l7oi + F 2 7 02 + F 3 7 03 . 
In the matrix form we have 
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Then from fp]) the relation immediately follows between spinors ip G C4 and 



^3,0 
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F 3 
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+ iF 2 
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(15) 



Let us consider now an action of the antiautomorphism A — > A on the arbitrary element of 
C£ 3 fi represented by a formula 

A = (a + ooa 123 )e + (a 1 + ua 23 )ex + (a 2 + ua 31 )e 2 + (a 3 + ua 12 )e 3 . (16) 



fc(fc-i) 



The action of the antiautomorphism A — > A on the homogeneous element A of a degree k is 
defined by a formula A — (— 1 

A. ^ A. 



A. Thus, for the element ( |T6"D we obtain 

>a 23 )ei + (a 2 - ua 31 )e 2 + (a 3 - ua 12 )e 3 . 
Therefore, under action of A — > A the element (O) takes a form 



a - ua 123 )e + (a 1 



and 



(VA) = (E l - iH^ex + (E 2 - iH 2 )e 2 + (E 3 - iH 3 )e 3 

/* * * \ 








F 3 Fx- %F 2 

Fx + iF 2 -F 3 



Hence it immediately follows 



~ ~1 1 
= <t>^i l + 7o)-(l + 1I1I2) 
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* * 

\F X + iF 2 








0) 
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(17) 



From (|T5|) and ( |17D it follows that the full representation space §4 U §4 is reduced to a 3- 
dimensional symmetric space Sym^o) U Sym/ 2 )- The transition from operator spinors to 5*0(3) 
vectors has been done by several authors (see, for example |]2TJ] ) . The 'vectors' (spintensors) of 
the spaces Sym^Q) and Sym^^ are 



r = e®e, f oi = f io = e®e=e®e, f n =e®e, 

23 that spintensors 



;i8) 



correspond to a Helmholtz-Silberstein rep- 



It is well-known [27, 

resentation F = E + iH and form a basis of the Majorana-Oppenheimer quantum electrody- 
|j~8| , |TI| p5| , 0, U in which the electromagnetism has to be considered as the wave 



namics 



13, 20 



mechanics of the photon. Moreover, the field (1, 0) U (0, 1) satisfies the Weinberg Theorem. 
In such a way, it is easy to see that 



Weyl-Hestenes neutrino field 
Dirac electron-positron field 
Maxwell electromagnetic field 



(1/2, 0)U (0,1/2), 
(1/2,0)0(0,1/2), 
(1,0)U(0,1)~ 

(1/2, 0) <g> (1/2, 0) U (0, 1/2) ® (0, 1/2) 



(19) 



have the same mathematical structure. Namely, all these fields are obtained from the funda- 
mental field (1/2,0) ((0,1/2)) by means of unification, direct sum and tensor product. From 
this point of view a division of all the physical fields into 'gauge fields' and 'matter fields' has 
an artificial character. It is obvious that an origin of such a division takes its beginning from 
the invalid description (from group theoretical viewpoint) of electromagnetic field in quantum 
field theory (a la Gupta-Bleuler approach) and a groundless extension of the Yang-Mills idea 
(as known, a long derivative is equivalent to a minimal interaction in the lagrangian). Further, 
as follows from (jTJ|) the Maxwell field has a composite structure that gives rise to a de Broglie- 
Jordan neutrino theory of light 0, |T3|, in which the electromagnetic field is constructed via the 
two neutrino fields. 

As known, the neutrino theory of light has a long and dramatic history (see excellent review 
H ^]). The main obstacle that decelerates the development of the neutrino theory of light is a 
Pryce's Theorem |2^] (see also a Berezinskii modification of this Theorem 0). In 1938, Pryce 
claimed the incompatibility of obtaining transversely-polarized photons and Bose statistics 
from neutrinos. However, as it has been recently shown by Perkins [|22| the Pryce's Theorem 
contains an assumption which is unsupported and probably incorrect. The Perkins arguments 
based on the experimental similarities between bosons and quasi-bosons allow to overcome 
this obstacle (Pryce's Theorem). In the present paper we show that transversely-polarized 
photons follow naturallv from composite neutrinos (it is a direct consequence of the group 



as the deuteron and Cooper pairs In conclusion, one can say that a correct description 
of electromagnetic field is a synthesis of the Majorana-Oppenheimer quantum electrodynamics 
and de Broglie- Jordan neutrino theory of light. 
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